We prove that the embedding of the derived category of 1-motives into the triangulated category of effective Voevodsky motives, as well as its left adjoint functor LAlb, commute with the Hodge realization. This result was proved for motives of smooth schemes and conjectured in general in [BK] 1 .
Statements
Denote by M HS Q the category of polarizable mixed Hodge structures. We shall say that a mixed Hodge structure (W · ⊂ V Q , F · ⊂ V C ) is effective if
Denote by M HS Q ef f ⊂ M HS Q the full subcategory of effective polarizable mixed Hodge structures. Note that the condition (1) implies that 
Proposition 1 The functor S is fully faithful. It has a left adjoint functor
which is t-exact 2 .
Given a commutative ring R (R = Z or Q in our examples) and a perfect field k we denote by DM ef f (k; R) Voevodsky's triangulated category of effective motives ( [BV] ) 3 . It can be viewed as a full subcategory of the (unbounded) derived category D(Sh tr ) of Nisnevich sheaves of R-modules with transfers that consists of complexes with A 1 -homotopy invariant cohomology sheaves. The Suslin functor C ∆ yields a projection
that identifies DM ef f (k; R) with a Verdier quotient of the derived category of presheaves with transfers ( [BV] , 2.3). To avoid complicated notation we shall often omit C ∆ : for example, the motive associated to a scheme X will be denoted by R tr [X] . Denote by DM ef f gm (k; R) ⊂ DM ef f (k; R) the full subcategory of effective geometric motives. This is the smallest Karoubian complete triangulated subcategory of DM ef f (k; R) that contains all objects of the form R tr [X] , where X is a smooth scheme over k. If k has finiteétale homological dimension there are alsoétale versions of these categories that we shall denote by DM Given an abelian group scheme G over a perfect field k we denote by G the Nisnevich sheaf represented by G:
G(X) := Hom(X, G).
If the neutral component G 0 is quasi-projective the sheaf G is provided with a canonical structure of presheaf with transfers [BK, Lemma 1.3 .2] and thus gives rise to a motive G ∈ DM ef f (k; Z) 4 . If, in addition, the group of connected components of G is finitely generated the motive G is geometric ( [BK] , Section 2.6).
Consider the functor
In the important case, when G 0 is a semi-abelian variety G is already homotopy invariant presheaf.
of homotopy invariant sheaves with transfers 5 . By [BK] , if char k = 0, it extends a fully faithful functor from the derived category of the exact category of 1-motives
) Also, by [O] , for any perfect field k, there is a rational version:
The functor S has a left adjoint functor ( [BK] ), that we shall denote by
Finally, for prime number l = char k we denote by
the homological etale realization functors and by
the homological Hodge realization functor ([Hu1] , [Hu2] 6 ). The following result was proved for motives of smooth schemes and conjectured in general in [BK] . 7 5 G is placed in cohomological degree 1. 6 In loc. cit. the author constructs cohomological realization functor R Hodge . The functor R Hodge we consider here is defined (on geometric motives) as the composition of R Hodge and the dualization in D b (M HS Q ef f ). 7 When this paper was written Luca Barbieri-Viale and Bruno Kahn informed the author that they also had found a general proof ([BK2] ).
Theorem 2 For any perfect field k of finiteétale homological dimension and a prime number l = char k, the functors S Z , S commute with the etale realization
Also, for k = C, the functor S and the Albanese functor commute with the Hodge realization:
Proofs
Proof of Proposition 1. It is known that the category M HS Q of polarizable mixed Hodge structures has homological dimension 1 (i.e. Ext i (M, N ) = 0 for every M, N ∈ M HS Q and every i > 1). The first claim of the proposition (that S is fully faithful) follows from this fact and from the next lemma. Proof: a) It is enough to check that for every M 1 , M 2 , M 3 ∈ A the Yoneda product Ext
In turn, this is equivalent to showing that for every extensions
there exists an object P ∈ A with a 3 step filtration 0 ⊂ M 3 ⊂ N 2 ⊂ P such that the extension
is isomorphic to (3). Since Ext 2 B (M 1 , M 3 ) = 0 there exists P ∈ B with these properties and since A ⊂ B is closed under extensions P ∈ A. b) It is enough to show that for every M 1 , M 2 ∈ A and for every i ≥ 0 the morphism Ext
is an isomorphism. This is true for i = 0 because A ⊂ B is a full subcategory and for i = 1 because A is closed under extensions. If i > 1 both groups in (4) are trivial by part a).
To prove the existence of LAlb we first show that the embedding of abelian categories
has a left adjoint functor
The functor lalb is going to be the composition
where M HS Q ≥−2,ef f is a full subcategory of M HS Q ef f consisting of mixed Hodge structures that have weights greater or equal than −2, w ≥−2 is the functor that takes a Hodge structure V to the quotient V /W −3 V . The second functor δ is defined as follows. Given V ∈ M HS Q ≥−2,ef f decompose the pure Hodge structure W −2 V into direct sum of a maximal Hodge-Tate substructure and a substructure P ⊂ W −2 V that has no Hodge-Tate subquotients. This is possible because the category of pure polarizable Hodge structures is semi-simple. Set δ(V ) = V /i(P ). We leave it to the reader to check that that δ is indeed a functor and that the projection V → δ(V ) extends to a morphism of functors Id → δ. Composing it with the natural morphism Id → w ≥−2 we get
Together with the obvious isomorphism
are identity morphisms. Furthermore, the functors w ≥−2 , δ are exact and so is the composition lalb. The functor s is also exact. Thus, (lalb, ν, µ) automatically extends to an adjunction datum (LAlb, ν, µ) for the derived categories. The t-exactness of LAlb is clear.
Proof of Theorem 2. A) The first isomorphism in (2) is an immediate corollary of the Suslin-Voevodsky Theorem [SV] that identifies the l-adic etale realization of a complex of homotopy invariant presheaves with transfers
The rational isomorphism in (2) is obtained from the integral one by tensoring with Q and observing the equivalence ( [BK] , 1.6.2)
B) Next, we shall construct an isomorphism
We already know from Step A that the functor R Betti
) into the heart of the derived category D b (Z − mod). Thus, it remains to construct a functorial isomorphism of abelian groups:
8 Unfortunately, we could not find the integral Betti realization functor
in the published literature. (A. Huber constructs only the rational analog R Betti Q and only for geometric motives.) For completeness, let us explain a construction of R Betti Z here. The problem is that the singular chain complex C sing (X(C)) is not functorial with respect to correspondences. There are two ways to overcome this difficulty: one can either replace C sing by a quasi-isomorphic complex that is functorial with respect to correspondences (for example, by the Dold-Thom complex) or modify the construction of DM ef f et (C; Z). To make the comparison with Huber's functor R Betti Q transparent we choose the second approach. The hard part of the work has been already done by Voevodsky. In [V] , Theorem 4.1.12 he identified the category DM ef f et (C; Z) with a certain Verdier quotient of the homotopy category of complexes over the additive category Z [Sch] . It follows from this theorem that any functor F from Sch to the category of complexes C(Z − mod) that takes the disjoint union of schemes to the direct sum of the corresponding complexes, has the descent property for the h-topology, and which is A 1 -homotopy invariant (i.e. the morphism F (X) → F (X × A 1 ) is a quasi-isomorphism) yields a functor from DM ef f et (C; Z) to D(Z − mod). We then apply this construction to F = C sing .
Here exp : T G,e → G(C) denotes the exponential map from the Lie algebra of G to G(C).
To construct (7) we define functorially two auxiliary complexes R Betti Z (M ), C sing (M ) and quasi-isomorphisms:
Consider the double complex of presheaves with transfers
where Z[Λ] is the constant sheaf, whose sections over a connected scheme is the free abelian group generated by elements of Λ and p i , m :
) are the maps induced by the projections and the addition operation on Λ (resp. G). Denote byM the associated total complex shifted so that Z tr [G] is in cohomological degree 1. We shall use the same notationM for the corresponding motive. The construction of M is functorial: sending M toM we get a new functor from the category of 1-motives to the category ofétale Voevodsky motives. Next, we have a functorial morphism:
induced by the map of double complexes:
Consider the induced map of Betti realizations
Since the complex R Betti Z
• S Z (M ) has trivial cohomology in negative degrees 9 the map (10) canonically factors through the morphism
Lemma 4 The morphism ψ is a quasi-isomorphism.
Proof: We shall first prove the lemma in the following two special cases.
(i) G = 0. In this case the lemma is equivalent to the exactness of the sequence
(ii) Λ = 0. The exact triangle
yields a long exact sequence
The key observation is that the map p 1 * + p 2 * − m * is 0 on H 1 and an isomorphism on H 0 . It follows that the cohomology groups of R Betti Z (M ) are trivial in positive degrees and identified (via the map α) with H 1 (G(C)) in degree 0. The following result completes the proof. Claim. The morphism i :
Proof of the claim. Since the motive G is geometric, the cohomology groups of the complex R Betti Z (G) are finitely generated. Thus, it suffices to show that for any integer n > 0 the morphism i induces a quasi-isomorphism
Denote by C ∆ (G) the Suslin complex of G (that computes the singular algebraic homology). By the Suslin-Voevodsky Theorem quoted in Step A proving (12) amounts to showing that the map
is a quasi-isomorphism. The last statement is a part of generalized Roitman's theorem ( [BK] , Theorem 14.2.5).
To prove the lemma in general, observe that every 1-motive is an extension of a 1-motive of type (i) by a 1-motive of type (ii). Thus, to complete the proof it suffices to check the following claim. Claim. Let 0 → N 1 → N → N 2 → 0 is an exact sequence of 1-motives.
Assume that the lemma is true for M = N 1 , N 2 . Then it is also true for M = N . Proof of the claim. Consider the commutative diagram (13) where the rows are exact triangles. Since the complexes R Betti Z (Ñ i ) are acyclic in positive degrees so is R Betti Z (Ñ ). Thus, it suffices to show that ψ induces an isomorphism on H 0 . The diagram (13) yields a diagram
with exact rows (and injective map β). Since ψ i are isomorphisms so is the map ψ.
Each term of the complexM is a direct sum of representable presheaves. It follows, that the Betti realization ofM is canonically quasi-isomorphic to the total complex C sing (M ) of the following double complex
where C sing (.) denotes the singular chain complex of a topological space. Next, we define a smaller complex
and a morphism
Here N M aps(∆ · , G(C)) denotes the normalized chain complex of the simplicial abelian group M aps(∆ · , G(C)). The map C sing (G(C)) → N M aps(∆ · , G(C)) is induced by the canonical homomorphism
Recall that the complex N M aps(∆ · , G(C)) computes the homotopy groups of the topological space G(C), i.e.
It follows that the complex C sing (M ) is acyclic in positive degrees. Thus the morphism (14) factors through
Lemma 5 The morphism ρ is a quasi-isomorphism.
Proof: The argument is parallel to the proof of Lemma 4. We only explain the analog of the first claim in loc. cit.
Proof of the claim. Indeed, the map
is the left inverse to the Hurewicz isomorphism
Finally, we construct a quasi-isomorphism φ :
Here the map φ 0 is the sum of the identity map on Λ and the homomorphism 
Lemma 6
The morphism φ is a quasi-isomorphism.
Proof: First, we have to show that φ is a morphism of complexes.
takes the boundary points 0 and 1 to e and, moreover, the induced map
To show that φ is a quasi-isomorphism consider the morphism
induced by the homomorphism exp :
be the composition of exp * and the morphism N M aps(
It is easy to see that φ factors through the morphism
Observe that the map
is an isomorphism for every i > 0 (for every continuous map ∆ i → G(C) sending all the faces but one to the unity lifts uniquely to a map ∆ i → T G,e with the same property). It follows thatφ is a quasi-isomorphism. Since the complex N M aps(∆ · , T G,e ) is acyclic (for its cohomology groups are the homotopy groups of T G,e ), φ is a quasi-isomorphism as well.
Summarizing we have constructed all the functorial quasi-isomorphisms in the diagram (8). This yields the isomorphism (6). Tensoring with Q we also get
C) The vector spaces T Betti
• S(M )) underlie the Hodge structures T Hodge (M ), H 0 (R Hodge • S(M )) correspondingly. Let us show that the isomorphism (17)
is an isomorphism of Hodge structures, i.e. Θ Q preserves the weight and Hodge filtrations. Indeed, the weight filtration on T Betti
. (18) The Hodge 
Let us show that Θ C preserves the Hodge filtration. A choice of a basis for Λ, Λ = Z[S], yields a lifting
where the homomorphism δ :
is defined on generators s ∈ S ⊂ Λ by the formula
Proof: We have already proved in Lemma 4 that β is an isomorphism. Thus, it is enough to show that the composition βα has the same property. Let us apply the functor R Betti Z to the morphism of exact triangles
The key observation is that the connecting homomorphism
is 0 11 . The rest of the proof is an easy diagram chasing combined with the formula (11).
We have to check that the isomorphism
takes the Hodge-Huber filtration on the right-hand side to the Hodge-Deligne filtration on the left-hand side. To do this we construct a smooth compactification G of the scheme G. Recall that G is an extension of an abelian variety A by an algebraic torus T . Choose an isomorphism T ≃ G r m . Then G, viewed as a principal T -bundle over A, gives rise to a vector bundle E → A (which is a direct sum of r line bundles). Define
One can easily check that the complement G − G is a normal crossing divisor and that the translation action of G on itself extends to a G-action on G.
and the Hodge filtration on R DR (M ′ ) is induced by the stupid filtration on the logarithmic de Rham complex Ω · log . In particular, F 1 H 0 R DR (M ′ ) is identified with the space Γ(G, Ω 1 log ) of global 1-forms on G with logarithmic singularities ([D2] , Theorem 3.2.5). Every global form ω ∈ Γ(G, Ω · log ) is Ginvariant (for G acts trivially on its de Rham cohomology). Conversely, every invariant 1-form on G extends to a 1-form on G with logarithmic singularities (for dim G = dim F 1 H 1 DR (G(C))). Summarizing, we get an identification γ of F 1 H 0 R DR (M ′ ) with the cotangent space T * G,e . The canonical pairing:
is explicitly given by the formula
It follows that, the Hodge filtration
is carried over by Θ ′−1 to the kernel of the projection 
Indeed, we know from Steps B and C that the triangulated functor
is t-exact and that the restriction of R Hodge • S to M 1 (C; Q) is isomorphic to S • T Hodge . Thanks to the following lemma this isomorphism canonically extends to the whole derived category to yield (21).
Lemma 8 Let A and B be abelian categories and let Φ : Proof: This is an easy corollary of the fact that every complex C ∈ D b (A) is quasi-isomorphic to the direct sum of its cohomologies:
E) Let us show that the Albanese functor commutes with the Hodge realization. For any motive M ∈ DM ef f gm (C, Q) the adjunction property of the Albanese functor yields a canonical morphism
We shall show that u is an isomorphism. It suffices to check this in the case when M is the motive of a smooth proper connected scheme. Let X be such a scheme. Recall from [BK] the structure of the Albanese motive LAlb(Q tr [X]). Let α : X → A X be the canonical morphism from X to the extended Albanese scheme of X ( [R] , [BK] ). A X is a group scheme and as a group scheme it is an extension of the discrete group Z by Serre's Albanese abelian variety A 0 X . The sheaf A X represented by A X defines an object of the Voevodsky category DM 
Take k = C. Since the Betti realization is already additive, we get from (28)
• (Span ⊗ Q)).
The functor R Betti Q
• (Span ⊗ Q) takes a 1-motive M to C sing (M ) ⊗ Q and its additivization takes M to C sing (M ) ⊗ Q.
2. One can show the Suslin-Voevodsky isomorphism (2) is compatible with the isomorphism Θ Z constructed in part B i.e. the diagram
